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Abstract We present an integrated analysis concerning
common aspects of various type insertion processes (cation
intercalation in a host material, hydrogen sorption by
metals), supplemented by the host volume expansion,
staging, or restructuring. A description of such processes
requires investigation of the coupling between the insertion
statistics and the elastic properties of the host matrix.
Various models for the coupling are reviewed. We show
that the standard Frumkin isotherm has to be modified to
take into account the stress and strain fields appearing upon
the guest insertion, as well as the host-mediated interaction
between them. Recent applications of such an approach to
various systems are discussed. The equilibrium as well as
transport properties are considered. For the collective
diffusion, the driving force is not only the concentration
gradient, but also the stress and strain gradients. The latter
may have a local or a non-local character, which results in a
non-Fickian diffusion detected experimentally. The thermo-
dynamics of intercalation into disordered matrices is
analyzed in terms of the maximum entropy principle
combined with the distortive lattice gas model. Recent
experimental results on the ionic insertion into disordered
matrices are analyzed in this light.

Introduction

Intercalation of guest particles into host matrices is a basic
problem, related to a design of rechargeable high-energy
batteries, electrochromic devices (see [1] for a review),

hydrogen-storage systems [2], and superconductors [3]. The
insertion process can be viewed as adsorption of guest
particles on the host lattice. In case of charged particles, the
ionic charge inside the matrix is compensated by the
electrons. For that reason, the electrochemical intercalation
is also similar (at least, in some aspects) to a three-
dimensional adsorption of neutral species. Based on this
analogy the intercalation is traditionally described within
the lattice gas (LG) model. In this approach, all the
properties (intercalation isotherm or capacity–concentration--
dependence) are connected by ordering the guest on different
adsorption sites of a rigid host lattice—the configurational
transitions. The LG-type models [4] work satisfactory if an
effective interaction W between the intercalants does not
depend on their concentration. For attractive interactions
(W<0), the theory predicts sharp peaks [5] (capacity vs
concentration). For repulsive interactions (W>0), the LG
model predicts an order–disorder transition with a very broad
peak. In situations when both peaks appear at different ionic
concentrations x0 and x1, a piece-wise description [6] (W<0
around x0 and W>0 around x1) is used for fitting. But, in that
case, one cannot answer why the interaction parameter
changes sign with the concentration. Moreover, the LG
description becomes inadequate [4] when the characteristic
peaks are superimposed [7], like in layered LixTiS2.

Host matrices can be filled by the guest particles in the
course of different processes [1], such as exposing the host
to the intercalant vapor (or liquid solution) or passing
current through an electrochemical cell, with the host being
one of the electrodes. In the course of the electrochemical
intercalation, the guest ion insertion results from electronic
and ionic exchange at the electrode/solution boundary. The
solution usually contains a metal-ion bearing salt (e.g.,
LiClO4) which dissociates into cations and anions. The
cationic species is then inserted into the matrix (e.g., TiS2),
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where the ions are screened by the electronic species of the
inorganic matrix. The matrix remains impenetrable for the
other ionic component. Namely, positive ions (Li+, for
instance) are present in the solid matrix while a strong
exclusion of the negative ions occurs. For this reason, one
has to take into account the overall electroneutrality, thermo-
dynamic equilibrium, and the permselectivity (or exclusion)
effect. The latter implies a stepwise change of the ionic
concentrations at the electrode/electrolyte interface. The
exclusion is commonly discussed in application to ion-
selective membranes [8] or electroactive polymer films [9]
where the ionic transport is quite similar to that of the
intercalation compounds. Therefore, the permselectivity [9]
should be considered as an essential part of the intercalation
which is different from an unconstrained deposition process.
Nevertheless, the exclusion effect is beyond the scope of the
LG model.

On the other hand, the insertion of the guest species
induces the stress into the host matrix. This may lead to
segregation effects [10] or even to instabilities [11] of the
host–guest system. Also, a loading path is shown [12] to
influence the guest uptake efficiency. Due to this, the host
may undergo an expansion or local distortion. Typical
examples are the hydrogen sorption by metals [12–15] or
the intercalation of Li ions into layered materials [4, 7]. Quite
often, the host undergoes structural transformations [6, 16–
18] in the course of the intercalation. These are the structural
transitions. In this case, the LG model implies several
sublattices [4, 18] corresponding to each configuration of
the host. However, such a restructuring suggests that elastic
effects are never negligible. Indeed, in graphite compounds,
these effects result in the staging phenomenon [19, 20]. This
requires simultaneous consideration of both LG variables
and lattice dynamics [21, 22]. For LixTiS2, the staging is
suppressed [23], but X-ray measurements [24] and ab initio
calculations [26] indicate substantial host distortion [23]
around intercalation sites and a uniform expansion of the
host lattice along its c-axis. It is shown [27] that such an
expansion induces a concentration- and distance-independent
attraction between the intercalants. A general thermo-
mechanical theory of the stress–composition interaction is
developed by Larche and Cahn [28]. This implies the
existence of a coupling between the elastic properties of
the host material and the structure and/or the dynamics
associated with the guest species. In other words, the
configurational and structural transitions should be con-
sidered as coupled. In our previous papers, we have
investigated such a coupling for two-dimensional [30–
32] and, semiempirically, for three-dimensional systems
[33–36]. In application to the intercalation, the theory
agrees well with experimental data on layered LixTiS2
and crystalline LixWO3 and NaxWO3 compounds at
equilibrium conditions.

In this paper, we present a short review of the theoretical
methods which has been introduced for a description of the
configurational and the structural transitions. The discussion
is based on our recent results and their applications to real
experiments. The main point is to underline the role of the
coupling between the insertion statistics and the host elastic
response.

Thermodynamics and kinetics of the insertion

The change in the free energy F of an insertion compound
due to the changes in its concentration x inside a host and
temperature T is given by

dF ¼ �SdT þ NmGdx ð1Þ
where S is the entropy, N is the total number of available host
sites, and µG=µ is the guest chemical or electrochemical
potential. The latter gives a deviation of the electrode
potential V from its standard value E0, m ¼ �eV � E0. For
the intercalation of neutral species, µ is related to the guest
pressure (e.g., hydrogen in metals). Therefore, if the
temperature is fixed, then the insertion isotherm, µ(x),
determines all the relevant equilibrium quantities. In partic-
ular, the differential capacity C(x) (in fact, the electrode
capacity) is determined by an analog of the isothermal
compressibility

CðxÞ ¼ @x

@m

� �
T

ð2Þ

which is a measure of the fluctuation of an actual composition
about its average value. If an intercalation process is
supplemented by a phase transition, then C(x) is expected to
exhibit sharp peaks at the transition concentrations. If Q(t) is
the guest charge inside the matrix as a function of time t,
then the charge (or discharge) current I is given by

I ¼ dQ

dt
¼ dQ

dm
dm
dt

¼ Q0
dx

dm
dV

dt
¼ Q0CðxÞ dVdt ð3Þ

where Q0 is the charge at x=1. At a constant voltage rate dV/
dt =const (the so-called linear sweep voltammogram) the
current is modulated by the C(x) behavior.

In many cases, there are two mobile species inside host
matrices: the host electrons and the guest particles.
Therefore, the transport is characterized by their flux
densities Je and JG, related to the gradients of the
corresponding chemical (or electrochemical) potentials µe
and µG.

Je ¼ Leerme þ LeGrmG ð4Þ

JG ¼ LGGrmG þ LGerme ð5Þ
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where Lab are phenomenological transport coefficients,
which are scalar quantities if the host is spatially isotropic.
In matrices with a metallic conductivity, the electrons are
much more mobile than the guest species. Due to this, the
guest ionic charge is compensated by the electrons. For the
same reason, the electrons reach a uniform (equilibrium)
distribution much faster than the intercalants (∇µe=0 on the
time scale when ∇µG≠0). In addition, usually, LGG>>LeG
[1]. Therefore, one may focus on the guest flux

J ¼ �MðxÞxrm ¼ �DðxÞrx ð6Þ
where M(x) is the mobility coefficient that must contain a
blocking factor MðxÞ ¼ M0 1� xð Þ, determining the
concentration-dependent chemical (or collective) diffusion
coefficient D(x)

DðxÞ ¼ M0x 1� xð Þ @m
@x

ð7Þ

Under the assumptions above, the intercalant transport is
described by the diffusion equation with an effective
diffusion coefficient D(x). The latter requires information
on the intercalation isotherm µ(x). Then, based on the
equilibrium properties, at a given concentration gradient,
one, at least in principle, can solve the kinetic problem.

Note that such a simple scheme should be modified when
the host decreases its conductivity upon intercalation (for
instance, LixWO3). Then, the electronic impact should be
taken into account. Also, we do not consider other driving
forces, like external field or stress gradients, assuming that
the guest concentration, x, is the only independent variable.
And finally, near the phase coexistence (e.g., staging) a
system becomes non-uniform because of the phase
boundaries. Then, the formulation of the kinetic problem
must be coherent with the theory of critical phenomena (see
[29] for a recent review).

Configurational transitions

Lattice gas description

A distribution of the intercalants on the host sites is given
by a set of occupation numbers {ti}, with ti=0 or ti=1. The
guest subsystem is characterized by the chemical potential
µ and the nearest-neighbor interaction parameter W (at
equilibrium positions). For the electrochemical insertion,
chemical potential µ gives a deviation of the electrode
potential −eV from its standard value E0. In this way, an
arrangement of the intercalants on a rigid host lattice is
governed by the LG Hamiltonian

HG ¼ W
X
ij

titj � m
X
i

ti ð8Þ

that describes the configurational transitions of the inter-
calated species. These could be the droplet formation for
attractive interactions (W<0) or the order–disorder transi-
tion for repulsive interactions (W>0). In the latter case, one
introduces the sublattice concentrations as appropriate for
the symmetry of a given system. Calculating the free
energy (or the grand potential) within the mean field
approximation, one obtains the well-known relation [1, 4]
for the chemical potential at equilibrium

m0ðxÞ ¼ �eV � E0 ¼ qWxþ 1

b
ln

x

1� x

� �
ð9Þ

where q is the coordination number of the host lattice and
β=1/kT.

The permselectivity effect

The approach above describes the intercalation as a simple
deposition process of neutral particles in the host lattice. In
reality, one deals with Li+ ions that are screened by the host
electrons. Nevertheless, we do not have direct evidence for a
perfect neutralization of Li+ charge by the electronic species.
In addition, the ions appear in the host after a dissociation of
Li-bearing salt, with the negative ions being strongly
excluded from the host matrix. Therefore, for electrochem-
ical insertion, we have to keep in mind that the intercalant
transport into the host is due to the electronic and ionic
exchange across the (current collector)/(intercalation
electrode) and the (intercalation electrode)/(solution)
interfaces. In this case, we have to discuss the real situation
with a system composed of counterions and electrons. And,
we have to take into account the thermodynamic equilibrium,
the overall electroneutrality, and the exclusion of one ionic
component from the host (it is costly because of Coulombic
attraction between coions and counterions)—the so-called
permselectivity effect. A detailed calculation of the free
energy may be found in [9]. We follow this paper in our
derivation. It is known [9] that the interaction between
intercalants, as well as their entropy, is modified if compared
with the LG:

bF
N

¼ bF
N

� �
LG

� qbW=2þ x ln 2xð Þ � 1½ � ð10Þ

where FLG is the LG free energy corresponding to a
deposition of ions without any constraint. In addition, we
have an interaction-like term qβW’x/2 and an entropic impact
coming from neutralizing electrons and exclusion of negative
ions. Note that these corrections are “irreversible”, that is,
there are no switching parameters in front, which could turn
them off at some nontrivial extreme cases. This reflects a
principal difference between a constrained insertion and the
LG deposition. The resulting interaction part of the free
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energy is now qβW’(x2−x)/2, which is the local site–site
interaction (quadratic term) corrected by a linear term. The
latter accounts for a partial neutralization of the direct
repulsive interaction between Li+ ions. Together with the
entropic term, the problem becomes asymmetrical with
respect to x=1/2. Such an asymmetry is clearly observed in
experiments (e.g., voltage vs concentration curves). This
gives the chemical potential

m0ðxÞ ¼ qW 0 x
1

2

� �
þ 1

b
ln

2x2

1� x

� �
ð11Þ

which is not symmetric with respect to x=1/2. Such a
breaking of the hole–particle symmetry is typical for the
experimental voltage-concentration dependencies.

Structural transitions

During the intercalation, almost all host matrices exhibit a
composition-dependent unit cell volume. This occurs in the
course of various restructuring processes, like a simple
volume expansion, staging [41], or the host lattice recon-
struction. For layered compounds, the main contribution to
the volume change comes from the c-axis expansion. This
anisotropy allowed to introduce a set of simple models
describing the concentration-dependent layer spacing d(x).
The latter is normalized such that d(0)=0 and d(1)=1. The
simplest form d(x)=x corresponds to the Vegard law. In
application to LixTiS2, a rigid-layer model has been intro-
duced [21, 22]. In this model, undeformable (rigid) layers are
coupled by springs, whose constants correspond to the host–
host and the host–guest interactions. This approach gives

dðxÞ ¼ x

xþ a 1� xð Þ ð12Þ

which reduces to the Vegard law when the spring constant
combination a→1. The role of the in-plane deformation has
been discussed within the layer rigidity model [38] which
gives

dðxÞ ¼ 1� 1� xð ÞP ð13Þ

where P is the layer rigidity parameter. The latter model has
been shown [38] to give better fits to experimental data than
the former one. Nevertheless, in application to LixTiS2, both
are only qualitatively correct. The experimental d(x) curves
are of a sigmoidal shape with inflection points suggesting a
hidden tendency [35] towards the staging [19, 20]. The k-
stage ordering is connected with a periodic (along the c-axis)
sequence of k host layers and one intercalant layer. In this
case, the unit cell volume exhibits a very sharp increase at
compositions corresponding to the change of the stage state
(for instance, when one goes from k-stage to k−1-stage).

The approaches outlined above describe the
concentration-dependence of the unit cell volume. But, the
influence of this effect on the insertion thermodynamics
was not analyzed. For that reason, in the next section, we
discuss such a coupling.

Configurational–structural coupling

The main idea of the following discussion is to emphasize
that the structural and the configurational transitions are not
independent [33, 35].

The host material is described as a three-dimensional
lattice of adsorbing sites with their positions given by set
vectors (ri). Due to the elastic properties of the real host,
each site (for instance, an interstitial site) of this “auxiliary”
lattice may deviate from its equilibrium position r0i , such
that we deal with the displacements ui ¼ ri � r0i . Therefore,
the host properties are described by the Hamiltonian HH

[{ui}]. Note, however, that a connection between the elastic
properties of the real matrix and those of the adsorbing
lattice is not straightforward [33, 34]. Anyway, in the
absence of the guest species, the host does not undergo any
remarkable transformation, so that HH is related to
“regular” host properties (e.g., thermal vibration).

The coupling between the host and the guest is given by
Hamiltonian HC [{ui},{ti}] which takes into account a
dependence of the binding energy on the site displacement
and also the pairwise interaction between the guest particles
through the host lattice. The overall Hamiltonian is now
written as

H ¼ HH uif g½ � þ HG tif g½ � þ HC uif g; tif g½ � ð14Þ
The free energyF corresponding to the above Hamiltonian

is given by

F ¼ FH þ FGðxÞ þ FCðxÞ ð15Þ
where x is the intercalant concentration. Here, FH is the host
free energy in the absence of intercalation; FG is the guest
free energy in a case of the rigid host lattice. This is the
configurational part corresponding to the LG description and
giving the chemical potential µ0(x) (see Eq. 9).

The coupling term can be estimated within a perturbation
scheme [30] implying that

bFC ¼ � ln e�bHC
� �

uið Þ
�

tið Þ
D� �

ð16Þ

requires the averaging over the displacements and the
occupation numbers, calculated with the reference terms HH

and HG. In fact, this is an infinite series including the
correlations of all orders in the reference state. The main
problem is to specify HC [{ui},{ti}] coherently with the host
symmetry and elastic properties. It is known that real host
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materials have rather complicated elastic properties (e.g., a
strong anisotropy). Therefore, only some simplified model
calculations are expected to give tractable results. On the
other hand, such predictions (e.g., the rigid plane model [22])
do not exhibit quantitative agreement with experimental data.
Approximate perturbative scheme developed previously [33,
34] has shown that the coupling term concerns with a
concentration-dependence of the host response to the
intercalation. This includes two effects. First is a renormal-
ization [1, 37] of the pair interaction between the intercalants
inside the matrix. The second is a change of the host volume
upon insertion of the guest species. Depending on the host
nature, a stress field may result if the lattice is not totally free
to relax. In this situation, it seems reasonable to estimate the
coupling term based on the continuum theory of elasticity
with the concentration-dependent stress and strain fields.
Then, the host–guest free energy is a sum of the lattice gas
and elastic part

FðxÞ ¼ FLGðxÞ þ FelðxÞ ð17Þ
where FLG(x) is the configurational (lattice gas) part, in
which the pairwise interaction is renormalized [1] due to the
interaction through the matrix. This gives the chemical
potential µ0(x) (see Eq. 9) with a new interaction constant W.
The elastic part is approximated by the free energy of a
strained isotropic body under a loading stress σ(x). Since the
strain is assumed to be purely dilatational, we operate with
traces ε and σ of the corresponding tensors.

FelðxÞ ¼ Λ
2
"ðxÞ2 � sðxÞ"ðxÞ ð18Þ

with Λ being the effective elastic constant, independent of
the concentration. The total stress S=S(x) is given by

SðxÞ ¼ dFel

d"ðxÞ ¼ Λ"ðxÞ � sðxÞ ð19Þ

Therefore, we have two stress contributions. The
internal, or self-stress Λε(x) corresponds to the host reaction
to the guest insertion. The second term σ(x) describes a
loading procedure that may include the sample clamping or
other effects which are not directly related to the strain. It is
important that, in general, σ(x) is a function of x (not a
function of ε(x)). For instance, if the sample is clamped
such that ε(x)=0, then we have a stress accumulation
proportional to the concentration σ(x) ∝ x.

Equilibrium properties

The guest chemical potential µ(x) is given by the
concentration derivative of the total free energy.

mðxÞ ¼ m0ðxÞ þ SðxÞ d"ðxÞ
dx

� dsðxÞ
dx

"ðxÞ ð20Þ

Here, the second term involves the so-called chemical
expansion coefficient dε(x)/dx, while the last term is
associated with the loading path. It is seen that the
intercalation level depends on interplay of the internal
stress and the loading stress. The latter could be small, but
its concentration derivative is not necessary small, so that
the loading path can have serious consequences [12]. In
particular, for a given material (Λ) and a suitable loading
path σ(x), one can have a cancelation of the last two terms
in Eq. 20 in a given domain of x. This explains why, in
some cases, the purely configurational description (µ(x)=
µ0(x)) works well. If the host–guest system forms a solid
solution, then the guest partial molar volume Vm(x) is
related to the total volume V ðxÞ ¼ xVmðxÞ þ V0, where V0

is the initial host volume (at x=0). On the other hand,
the strain is also related to the volume variation
"ðxÞ ¼ V ðxÞ � V0ð Þ=V0 ¼ xVmðxÞ=V0.

If the loading is composition-independent σ(x)=σ and the
sample volume changes linearly (Vm=const, ε(x)=xVm/V0,
like in the PdHx α-phase), then we recover the well-known
result [15]

mðxÞ ¼ m0ðxÞ � s � ΛxVm=V0ð ÞVm=V0 ð21Þ
.

In our previous works [33, 34], we have analyzed another
extreme case of vanishing total stress S(x)→0 and the
loading stress proportional to the concentration σ(x)=σ0x.
Then

mðxÞ ¼ m0ðxÞ � gpðxÞ ð22Þ
where g ¼ V 1ð Þ � V0ð Þ=V0s0 and pðxÞ ¼ V ðxÞ � V0ð Þ=
ðV 1ð Þ � V0Þ ¼ "ðxÞV0= V 1ð Þ � V0ð Þ. Note, however that,
for Λ=const, the above result is valid only for a linear
behavior of p(x)=px, while is an approximation for an
arbitrary p(x). In reality, the elastic constants depend on the
concentration, for instance the bulk modulus of Pd is
reduced [14] up to 20% due to the hydrogen sorption. Thus,
one can easily imagine a situation when Λ(x)ε(x)≈σ(x) and
then the approximation (22) is applicable for a nonlinear p
(x). In general, for a non-Vegard's behavior and the linear
loading σ(x)=σ0x, we deal with a modified LG (MLG)
description.

mðxÞ ¼ m0ðxÞ þ ΛpðxÞ � gx
� 	 dpðxÞ

dx
� gpðxÞ ð23Þ

where Λ ¼ Λg2=s2
0.

The strain can be measured as a volume dilatation or as a
change of the interlayer spacing during the transitions
between different phases (staging in graphite, restructuring
in LixWO3, α−β transition in PdHx, etc). In any case, the
lattice parameters do not obey [38] the linear Vegard’s law,
exhibiting a sharp change near the transition compositions
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x0n. This is described by the following approximation (an
absolute value is considered).

pðxÞ ¼ 1

2
1þ

X
n

pn tanh an x� x0n

 �� 	" #

ð24Þ

where n counts the number of phase boundaries. In LixWO3,
n=1,2 corresponds to monoclinic–tetragonal and tetragonal–
cubic transitions, respectively. Although for LixTiS2 the
staging is suppressed [23], the interlayer spacing exhibits a
non-Vegard's variation and an inflection point near x≈0.09
becomes more pronounced with decreasing temperature [7].
This implies a hidden tendency towards the staging [35]
(with n=1,2 marking the boundaries), which becomes the
real staging when, for instance, Li is substituted by Ag ions
[25].

In Fig. 1, the normalized interlayer spacing p(x) Eq. 24 is
displayed as a function of Li concentration in TiS2 matrix.
The set of rigidity parameters, αn, controls a local slope, and
pn, are the weights corresponding to each phase, such that
Σnpn=1. This is consistent with experimental observations
[6] indicating that the structures are not completely pure, but
contain some features that indicate a mixing of phases. The
present form of p(x) corresponds to continuous structural
transitions, but can be easily modified to take into account
the jump-like behavior (like for the staging [1]).

Based on the fitting for p(x), we obtain the isotherm and
the capacity curve, which are plotted in Fig. 2 as functions of
the Li composition. It is seen that the purely configurational
behavior (pure LG, dotted lines) takes place only at low (or
high) intercalant concentrations. At intermediate x, the
structural changes (p(x)) are important. For instance, the
hole–particle symmetry of the LG description is broken by
the elastic effects. It is seen that the MLG scheme (solid
line), taking into account the matrix response, allows us to

reproduce the characteristic capacity peak near x=0.27. As
mentioned above, the peak is often associated with a hidden
tendency of the TiS2 matrix towards the staging. Anyway, it
is clear that the peak position strongly correlates with the
inflection point of the p(x) curve, indicating that the increase
in the capacity is due to the peculiarity of the matrix
response.

In Fig. 3, we display the intercalation isotherm (inset)
and the capacity curve, comparing them to the experimental
data [6] for LixWO3. The fitting Eq. 23 is performed
assuming that the effective pair interaction inside the matrix
is repulsive for any x. The curve modulation results from
the strain behavior p(x), associated with the volume
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dilatation. As is discussed previously [34], the peculiarities
(inflection points and the peaks in C(x)=dx/dµ) mark the
boundary between different host symmetries. From the
experimental point of view, the peak height is usually
associated with transition sharpness.

Note, however, that the experimental dependencies are
usually smoothed due to a finite concentration resolution.
Then, it is difficult to distinguish between the stepwise
variation and a sharp (but continuous) transition. For that
reason, the criticality criteria, determined on the ground of
rigorous statistical mechanical arguments (µ(x) loops or a
divergent capacity C(x)), only approximately conform to
the experimental data. Therefore, the critical behavior of the
model itself should be studied separately.

Diffusion

Starting from (20) and (7), we obtain the chemical diffusion
coefficient (CDC) as

DðxÞ ¼ D0ðxÞ þ DelðxÞ ð25Þ
where the first term is the standard LG part D0ðxÞ ¼
D0x 1� xð Þ @m0

@x and the elastic contribution is given by

Del

BðxÞ ¼ S
d2"

dx2
þ Λ

d"

dx

� �2

� 2
d"

dx

ds
dx

� d2s
dx2

" ð26Þ

with BðxÞ ¼ D0x 1� xð Þ. The CDC involves several
competing factors (strains, stresses, and their concentration
derivatives). In general, it is not trivial to see whether D
increases or decreases with x. The situation is even more
complicated for systems in which the lattice spacing does
not obey the linear Vegard's law, but has inflection points
separating different phases (e.g., staging in graphite or
restructuring in LixWO3). Then, the derivatives above may
change sign with the concentration. Also, we see again that
the loading path has a significant contribution.

For PdHx (α-phase), we recover the well-known result
[14, 15]. The concentration induced internal stress
S0(x)=ΛxVm/V0 increases CDC

D ¼ D0ðxÞ þ BðxÞA Vm=V0ð Þ2; ð27Þ
where D0(x) is the stress-free CDC (it corresponds to µ0(x),
i.e., the lattice gas description, see above). Note that the
non-local stress effects [13, 14], which tend to depress the
diffusion, are not discussed here.

Since, according to (7), the diffusion coefficient is just an
inverse of C(x), D as a function of x should have minima
corresponding to the peaks in the capacity curve [36]. Such a
behavior is observed experimentally for LixWO3 [40],
Li-graphite [41], and for many other intercalation systems.
This is illustrated in Fig. 4 where the concentration-
dependence of the diffusion coefficient for crystalline

LixWO3 is presented. For comparison, the inverse capaci-
tance data are presented. Following the same strategy, from a
fitting of the interlayer spacing p(x) for Li-graphite system
(Fig. 5), we have calculated the capacitance and then the
diffusion coefficient (Fig. 6). The same tendency is clearly
observed. Namely, CDC has a set of minima which
correspond to the inflection points of p(x) separating
different stages. The minima are usually attributed [41] to a
clustering tendency near the phase boundaries, induced by an
effective attraction between the intercalants through the host
lattice. Formally, the elastic part of the chemical potential
(20) can be combined with the interaction term of LG part to
form the effective interaction [33, 34] ΦðxÞ ¼ qWx� gpðxÞ
which may become attractive (even for W>0) for concen-
trations at which the elastic part exhibits strong variations.
The latter take place near x ¼ x0n. Therefore, D should have
minima around x0n, and the experimental observations
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Fig. 4 The chemical diffusion coefficient for crystalline LixWO3. The
symbols (up triangles) correspond to the experimental data [31],
obtained from the electrochemical impedance spectroscopy. The
theoretical parameters are the same as for the previous figure
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confirm this conjecture. The present approach allows us to
separate the factors which contribute to such a behavior,
suggesting that we deal with interplay of the renormalized
pairwise interaction and the cooperative effects due to the
strain and stress fields.

Concerning a quantitative comparison with the experi-
mental data, our estimations for LixWO3 and Li-graphite
suggest that the present theory works well around the
transition compositions x0n but overestimates the diffusion
coefficient by several orders of magnitude at x 6¼ x0n. This
seems surprising since the equilibrium characteristics are
described correctly at any composition. There could be
several reasons for such a discrepancy. First of all, the
intercalation compound usually changes their electronic
conductivity [39] upon the guest insertion. Then the one-
component description should be extended to include this
effect. On the other hand, the composition-dependence of
CDC is usually deduced from experimental measurements
[e.g., electrochemical impedance spectroscopy (EIS) or
potentiostatic intermittent titration (PITT)] employing a
model whose consistency with our approach remains to be
investigated. In addition, these two experimental methods
give different estimations [41] of the CDC.

Disordered host matrices

As have been mentioned above, insertion processes have
received considerable interest because of their applications
in a variety of technologically important domains, e.g.,
storage devices [2, 44], high capacity batteries, electro-
chromic devices, solar cells, etc. (see [1] for a review).
These materials are usually produced by insertion or doping
of a host matrix by neutral or charged guest species. Typical
examples are the intercalation compounds or conducting
polymers. In many cases (e.g., amorphous/porous materials

or polymer films), the host matrix is spatially disordered.
This has some advantages [45] (e.g., higher capacity) in
comparison to crystalline hosts. In particular, this allows
one to avoid the macroscopic insertion-induced phase
transformations, such as restructuring (crystalline WO3) or
staging (graphite). In its turn, this broadens the voltage
and composition ranges where a stable cycling can be
maintained.

From a theoretical point of view, the host disorder is
usually described by a distribution of some relevant quantity,
such as pore sizes or site energies [6, 46, 47]. Then, the
insertion isotherm is represented as an average over the host
fluctuations. Despite a considerable progress [46] in the
field, the consequences of the disordered host morphology
are still poorly understood. In particular, recent theoretical
studies [48, 49] of adsorption into disordered porous media
suggest that, because of the host disorder, the adsorption
thermodynamics might depend on a driving path (e.g.,
controlled injections of prescribed portions or an equilibrium
with a bulk reservoir). In the context of intercalation
processes, this means that different electrochemical methods
(e.g., chronopotentiometry and voltammetry) could give
different results. Therefore, analyzing a system by different
techniques could help in the characterization of the host
morphology.

The problem is complicated by the structural changes
occurring upon insertion [50, 51] or intercalation [52, 53]. In
many cases, mechanical strain generated in the intercalation/
deintercalation cycles induce structural as well as volume
changes in the electrode material, leading to fracturing,
cracking, and even crumbling, and thereby to electrode
irreversibility upon cycling. One of the most challenging
issues in the development of devices based on lithium
intercalation materials is the control over structural changes
and deformations produced by lithium insertion/removal.
These can be manifested as spatially distributed internal
distortions which lead either to topotactic insertion [45] or
even to macroscopic (up to 10%) volume dilatations [53,
54]. The latter are easily detectable (e.g., by optical
profilometry [53]), while the internal distortions are rather
difficult to control. For this reason, quite often, the internal
host structure remains poorly characterized. On the other
hand, a coupling between the insertion and the dilatation
modes has been shown [55, 56] to be responsible for well-
pronounced thermodynamic features. Even in the absence of
detectable volume variations, the internal host distortion
should contribute [57] a fluctuational term to the insertion
thermodynamics. Therefore, one should be able (at least in
principle) to distinguish these two effects.

In the absence of detailed microscopic information, one
has to analyze the underlying physics directly from the
experimental data and a plausible insertion model. The aim
of this work is to develop a holistic theoretical scheme, able
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to extract from an experimental isotherm, µb(x), the volume
variation and the internal distortion traces. This would
allow us to analyze their impacts to the observed behavior.
With this purpose, we combine the distortive lattice gas
model that has been successfully applied [35] to a
description of volume dilatation in ordered intercalation
compounds with the maximum information entropy
approach [58]. The latter is an inductive inference method
which is quite efficient [49] in estimating the host disorder
from the experimental isotherm data. Then, we test our
predictions, trying to explain some puzzling points in the
recent experimental results [53].

Overview of experimental results

Recent experiments [53, 54] on amorphous LixWO3 com-
pounds reveal that the insertion thermodynamics differs
remarkably from the lattice gas picture, conventionally used
for the description of intercalation into rigid crystalline
matrices. In particular, the isotherms and the capacitance
curves have been shown to involve power-law dependencies
on the guest concentration, x [53].

mb ¼ E0 þ 1þ hð ÞGxh þ 1

b
ln

x

1� x

� �
: ð28Þ

The capacitance Cm / @mb=@x½ ��1 that follows from
Eq. 28 has been found in an excellent agreement with the
experimental data. This is demonstrated in Fig. 1 for the
case of lithium intercalation into amorphous WO3 films of
different thickness. Therefore, in what follows this relation
Eq. 28 will be considered as an experimental fact. Here, G
was interpreted as a host–guest interaction parameter.
However, it has been found to depend on the host film
thickness. For the thinnest (100 nm) film, the intercalant–
host interaction term G is not detectable (G≈0) so that the
system behaves like an ideal noninteracting lattice gas in
which entropic contributions play the determining role. As
the thickness increases, G becomes larger, attaining values
around 350 meV for thicker (400 nm) films, what modifies
the asymptotic behavior of the chemical capacitance. The
exponent of the intercalant–host interaction term has been
found to be around η≈0.5. Such a variation of the host–
guest interaction parameter is difficult to understand
because the interaction between the two subsystems is
essentially determined by their chemical nature. Variation
of G with the thickness is accompanied by specific volume
changes of the host matrix [53]. The relative volume
changes at x=0.4 of a 200 nm amorphous LixWO3 film
are shown to yield a highly rough surface in the intercalated
part. All films showed relative volume changes near 10%
on average, except for the 100 nm-thick samples which
presented no expansion at all, in agreement with the results
of electrochemical measurements (G≈0).

Therefore, the experiments [53, 54] provide an evidence
for the significant role played by the film volume change and
the surface roughness in the underlying intercalation thermo-
dynamics (cell voltage variation with the guest composition).
Importantly, these results make apparent the occurrence of
some sort of thickness effects which are poorly understood.

Volume variations

The host volume variations can be taken into account in the
framework of the lattice gas model combined with the
continuum elasticity theory. This leads to the following
isotherm [35]

m ¼ m0ðxÞ þ SðxÞ d"ðxÞ
dx

� dsðxÞ
dx

"ðxÞ ð29Þ

where bm0ðxÞ ¼ bE0 þ ln x= 1� xð Þð Þ is the standard lattice
gas part without the guest interaction, and SðxÞ ¼ Λ"ðxÞ �
sðxÞ is the concentration-dependent total stress. The latter
involves the external (loading) stress σ(x) and the internal
stress Λє(x). Here, Λ is the elastic constant related to the
Young modulus, and є(x) is the strain which results from the
changes in the host volume V (x). In the case of unclamped
matrices, we may neglect the loading contribution, arriving at

m ¼ m0ðxÞ þ Λd2pðxÞ dpðxÞ
dx

; ð30Þ

where d ¼ V 1ð Þ � V ð0Þ½ �=V ð0Þ is the relative volume
variation and pðxÞ ¼ V ðxÞ � V ð0Þ½ �= V 1ð Þ � V ð0Þ½ � is the
modulating function with p(0)=0 and p(1)=1. Identifying the
elastic part in Eq. 30 with the power-law term in Eq. 28 and
solving with respect to p(x) one gets a sublinear (recall that
η≈0.5) modulating function [53]

pðxÞ ¼ x 1þhð Þ=2 ð31Þ
and the coupling of the empirical parameter G and the
relative volume expansion

d ¼ G

Λ

� �1=2

: ð32Þ

It has been shown [53] that the capacitance derived from
Eq. 30 predicts the film volume expansion around 10% (on
average) at the intercalation level x≈0.4. These volume
changes have been directly observed by optical profilometry
for the film thickness≥200 nm. Nevertheless, these results do
not allow accounting for the threshold-like behavior [53] of
the volume expansion with the film thickness.

Internal distortions

The experimental results [53] clearly indicate that the
matrix volume variation is accompanied by an extensive
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roughening of the surface in the intercalated region. Based
on this, we suppose that, in addition to the dilatation, the
host undergoes some internal distortions. These are related
to an adjustment of the host structure allowing for a more
efficient accommodation. This can be taken into account as
a correction 8 to the host–guest interaction, changing the
insertion energetic cost

m xjϕð Þ ¼ ϕþ m0ðxÞ þ Λd2pðxÞ dpðxÞ
dx

; ð33Þ

where 8 is a fluctuating quantity distributed according to
some probability density f(8). The latter is unknown; the
only available experimental evidence we have is the
isotherm (28). Therefore, we infer the distribution using
the maximum information entropy approach [49, 58, 59].
The procedure consists in maximizing the Shannon entropy
measure

H ¼ �
Z

dϕf ϕð Þ ln f ϕð Þ ð34Þ

under the constraint that the average m ϕð Þ reproduces the
experimental data (28)

mb ¼ m xjϕð Þ ¼
Z

dϕf ϕð Þm xjϕð Þ: ð35Þ

This gives the following concentration-dependent
distribution

f ϕjxð Þ ¼ exp lðxÞm xjϕð Þ½ �R
dϕ exp lðxÞm xjϕð Þ½ � ; ð36Þ

where the Lagrange multiplier λ(x) should be found from
the constraint (35). This leads to

1þ hð ÞGxh ¼ ϕðxÞ þ Λd2pðxÞ dpðxÞ
dx

; ð37Þ

where 1=lðxÞ ¼ ϕðxÞ ¼ ϕ. It is seen that the power-law
term involves a combination of the distortion and the
volume dilatation. These effects have been found to depend
on the host film thickness [53]. Thus, it is not surprising
that the parameter G is also thickness-dependent. On the
other hand, Eq. 37 determines the dilatation and the internal
distortion impacts to the observed thermodynamics. Having
a plausible estimation for one of these ingredients allows us
to estimate the other.

Analysis of experimental data

In what follows, we will try to see to what extent interplay
of the host distortion and dilatation is able to explain the
behavior observed in amorphous LixWO3 films.

Note that the last term in Eq. 37 includes not only the
dilatation magnitude δp(x) but also the dilatation rate R(x)=
dp(x)/dx. Even if (at some point x=x0) the distortion

contributions 81(x0), 82(x0) and the volume dilatations
p1(x0), p2(x0) are the same for two films of different
thickness, their isotherms could be distinguished by
different rates R1(x0)=R2(x0). This gives an idea on why
the host films with almost the same dilatation magnitudes
(as in the case of 300 and 400 nm films at x0=0.4) exhibit
different electrochemical responses. Therefore, measuring
simultaneously the isotherm and the concentration-
dependent volume variations one can get some information
on the internal distortions.

On the other hand, having an estimation of the internal
host morphology, one can predict the volume variation. In
particular, the recent analysis [54] of the jump diffusion
coefficient reveals a power-law dependence of the hoping
rate on the concentration. Based on this, we may suppose
8(x)=−Kxq, with K being an effective distortion coefficient.
Then, Eq. 37 can be solved with respect to p(x). This leads
to

pðxÞ ¼ G

Λd2
xhþ1 þ K

Λd2 qþ 1ð Þ x
qþ1

� 1=2
ð38Þ

In order to satisfy the condition p(1)=1, the following
relation should hold

G

Λd2
þ K

Λd2 qþ 1ð Þ ¼ 1: ð39Þ

This allows us to estimate the relative host dilatation
at x=1

d ¼ G

Λ
þ K

Λ qþ 1ð Þ
� �1=2

: ð40Þ

We thus see that, even for G≈0 (as in the case of 100 nm
films), the dilatation does not vanish because of the distortion
contribution. From Eq. 39, one can see that G=0 corresponds
to a subtle relation K ¼ Λd2 qþ 1ð Þ between the dilatation
and the internal distortion. The latter is probably rather small
for thin films, as this follows from the relatively low surface
roughness in comparison to that for the thicker films [53].
For this reason, in agreement with the experimental
observations, the volume expansion could be undetectable.
On the other hand, the host has been found to undergo
irreversible transformations at x>0.6. For this reason, the
experimental magnitude of δ is not available. The only
information at hand is the volume dilatation δ·p(x=0.4).

Therefore, we have to analyze the volume variation as a
function of the concentration. Combining Eqs. 38 and 39,
we arrive at

pðxÞ ¼ 1� Bð Þxhþ1 þ Bxqþ1
� 	1=2

; ð41Þ

where B ¼ K= Λd2 qþ 1ð Þ� 	
is a parameter measuring the

relative impact of the distortion and the volume variation
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effects. Using Eq. 39, we can relate B to the empirical
constant G : B ¼ 1� G= Λd2


 �
. This suggests that B<1

and, depending on the other parameters, can even be
negative. This, in its turn, means that the distortion
coefficient K might change its sign with increasing film
thickness (as the parameter G grows). Taking into account
that the isotherm (28) is now represented as

mðxÞ ¼ m0ðxÞ � Kxq þ Λd2pðxÞ dpðxÞ
dx

; ð42Þ

we may expect a crossover between two regimes with
decreasing host film thickness. For thick films (positive K
or B), the internal distortions favor an adjustment of the
host geometry, making the insertion less energetically
consuming. For thin films (negative K or B), we have to
spend energy in order to induce both distortions and
volume dilatation (presumably because of a stronger
influence of the film support). It is interesting that a quite
similar crossover from a quenched to an adsorbate-induced
roughness has recently been reported [60] for HCl
adsorption on ice films of varying thickness. In the context
of the present work, the crossover is due to interplay of the
film volume dilatation and the insertion-induced internal
distortions. This behavior is illustrated in the Fig. 7, where
p(x), given by Eq. 41, is plotted for different values of B. In
order to recover the threshold-like variation [53] of the
volume with the film thickness, we have to assume that the
parameter B changes sign with decreasing thickness.
However, this makes the volume variation ill-defined (p(x)
2<0) in the range of low concentrations. This suggests that,
for thin films, another distortion mechanism is probably
operating in this domain. Note that the isotherm remains
mathematically correct because all our estimations are made
under the condition (37) preserving the isotherm shape.

On the other hand, the above artifact may result from the
concentration-dependence accepted for 8(x). In other
words, the power-law shape of the distortion part cannot
completely explain the observed electrochemical response.

Therefore, making plausible assumptions on p(x) and
solving (37) with respect to 8(x) seems to be more
constructive. In the previous study [35], the following
modulating function has been considered

pðxÞ ¼ 1

2
1þ tanh Δ x� x0½ �ð Þ½ � ð43Þ

This generic form mimics a non-Vegard behavior, typical
for layered intercalation compounds [35]. As depicted in
Fig. 8a, the dilatation is weak at low densities (x<<x0). The
most intensive response is at x≈x0, and then the matrix
reaches saturation, corresponding to its mechanical stability
limit. Here, Δ is the matrix response constant or dilatation
rate, controlling the slope near x≈x0. Such a threshold
behavior of the volume variation with the guest concentra-
tion is well-documented for various layered matrices [1, 21]
(e.g., LixTiS2). Therefore, accepting that the characteristic
concentration x0 increases with decreasing film thickness,
we can explain the observed crossover from thin to thick
films. Growth of x0 with decreasing thickness can be
understood as a stronger influence of the film support, such
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that higher guest densities are required to induce detectable
host dilatations. Having found a reasonable approximation
for p(x), we can solve (37) with respect to 8(x). This
function is plotted in Fig. 8b. It is seen that, in agreement
with our previous estimation, the distortion contribution
changes its sign in the range of concentrations, close to the
threshold point x0. Therefore, in the low concentration
region, the distortion part 8(x) for thick and thin films
behaves differently. Namely, in the concentration domain
where the volume dilatation is negligible, p(x)≈0 or
saturated dp(x)/dx≈0 the insertion is associated with an
additional energy cost 8(x)>0 to distort the matrix. On the
other hand, an increase in the volume allows for an
optimization of the internal structure, and this makes the
insertion locally more favorable 8(x)<0.

Conclusion and perspective

Here, we have outlined a theoretical scheme involving a
coupling between the electrochemical and elastic properties
in the course of various insertion processes. Our approach
implies that the main equilibrium and transport features of
real intercalation systems (which differ in their microscopic
details) can be well-understood in terms of concentration-
dependent hydrostatic parts of the stress and strain fields,
associated with the internal and loading effects [12]. On the
other hand, the approach is flexible enough to incorporate
other transport mechanism (migration or electronic mobility
effects).

The theory gives a quantitative description of different
insertion processes, involving the volume expansion [LixTiS2
(see [33]), α−PdHx] or restructuring (LixWO3). For all these
processes, the theory implies a correlation between the
intercalation isotherm and a concentration-dependence of
the diffusion coefficient. The latter exhibits a set of
characteristic minima, related to the boundaries between
different phases (like different symmetry phases of LixWO3,
α−β transition in PdHx, staging in graphite [41]). However,
the experimental dependencies are usually smoothed due to a
finite concentration resolution. For that reason, the criticality
criteria, determined on the ground of rigorous statistical
mechanical arguments (e.g., D(x)=0 at the transition
concentrations), only approximately conform to the experi-
mental data, exhibiting a sharp (but finite) decrease of D. For
a non-Vegard's strain variation the diffusion coefficient is a
nonlinear (and nonmonotonic) function of the concentration
(26). Therefore, the diffusion equation for the concentration
profile would be strongly nonlinear. Then, one can expect a
rather complicated space–time variation of the guest density,
including, for instance, oscillations [12] and other nonlinear
effects. Our results may have implication in various domains
related to the insertion process, like hydrogen sorption [2],

electrochemical intercalation, impurities in alloys, layered
superconductors [3], volume transitions in hydrated gels
[43], etc.

Nevertheless, the magnitude of the chemical diffusion
coefficient is overestimated even if the equilibrium capaci-
tance is described with a rather good accuracy. This fact makes
us to analyze what kind of information is available from the
experiments (usually EIS) and which theoretical approaches
are required for recovering the experimental results. The EIS
method consists in applying a small amplitude overvoltage E
(t) oscillating with the frequency ω and measuring the
impedance [41, 42] Z(iω). The so-called Warburg impedance

Z iwð Þ / iwð Þ�1=2 ð44Þ

is associated with the occurrence of a diffusion-controlled
process which can be understood in terms of the usual
Fickian relation between the flux J(r) and the concentration
gradient J=−D∇x(r). Strictly speaking, such a relation is
valid only for small x when the diffusion coefficient D is
composition-independent (see Eq. 6). This constitutive
relation is supplemented by the conservation law relating
the time variation of the local composition x(r) to the flux ∂x
(r)/∂t=−divJ(r). In this way, one obtains the standard
diffusion equation for finding the concentration profile x(r)
which can be associated with a probability to find a diffusing
particle at the point r. For the ordinary diffusion, the mean
squared displacement obeys the standard Einstein relation
<r2>∝Dt. Quite often, the experimental data exhibit the
power-law-dependence

Z iwð Þ / iwð Þ�v=2 ð45Þ
with the exponent deviating from 1/2. This process is
associated [42] with the so-called anomalous diffusion for
which <r2> exhibits a power-law-dependence

r2
� � / Dtv ð46Þ

In order to recover this result, either the conservation law or
the constitutive relation must be modified to involve fractional
derivatives or the composition in a given power. Such
equations naturally arise for the diffusion with power-law
memory kernels typical for systems involving structural
complexity (e.g., amorphous materials or fractals). On the
other hand, recall that the Fickian relation, implying that the
composition gradient is the driving force, is valid only for low
or near the saturation compositions. In general, the chemical
potential should be considered as the driving force (see Eq. 6).
Then, as we have seen above, apart from the purely kinetic
part, the problem involves the thermodynamic part (∂µ/∂x).
Therefore, a non-standard impedance can result from a
complex kinetics or from a non-standard (non-Gibbsian)
thermostatistics. Indeed, it has been shown [49] that the
Levi-like distribution, related to anomalous diffusion, can be
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recovered as a result of slow temperature fluctuations in the
system environment (reservoir). This suggests that the
intercalation systems, apart from their technological impor-
tance, could also serve as promising examples for exploring
new effects related to the non-standard thermostatistics.

The thermodynamics of intercalation into disordered
matrices is analyzed in terms of the maximum entropy
principle combined with the distortive lattice gas model.
This approach allows us to account for the matrix volume
expansion and the fluctuating internal distortions, seen in
the recent experiments [53, 54]. Therefore, the crossover
behavior from thin to thick films can be understood as a
cooperative result of a threshold-like host volume variation
with the guest concentration, x, and the internal distortions,
optimizing the host–guest coupling. Our analysis points to
the occurrence of the film support effect on the character-
istic concentration x0, corresponding to the volume dilata-
tion onset. Decreasing thickness entails increasing x0
values. A work on interpreting this tendency in terms of
some physical film property is in progress. For instance, in
the light of the present study, differences in the distorted
amorphous structure (free volume) might be behind this
effect. In order to verify this conjecture, a systematic
experimental study of the concentration-dependent host
morphology is desirable. This issue is left for a future study.
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